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Abstract 

Take n > k > 1 such that n — k is odd. In this paper we consider 
a mapping a from (n — k + l)-dimensional closed ball into the space 
of (n X A;)~matrices such that its restriction to a sphere goes into the 
Stiefel manifold We construct a homotopy invariant A of 

which defines an isomorphism between 7r„_fcI4(M”) and Z 2 . It can be 
used to calculate in an effective way the class of a\S^~^ in 7r„_fcI4(]R"^) 
for a polynomial mapping a and to find the number mod 2 of cross-cap 
singularities of a mapping from a closed m-dimensional ball into 
m even. 


1 Introduction 

Mappings from a sphere into the Stiefel manifold are natural objects of study. 
We will denote by I4(M”) the non-compact Stiefel manifold (the set of all 
fc-frames in M”). It is well-known (see a) that 7r„_fcI4(M"') is isomorphic to 
Z 2 if n — fc is odd and k > 1, and to Z in all other cases. 

Take n > k > 1 such that n — k is odd. In this paper we consider a 
mapping a from B into Mfc(R"') — the space of (n x fc)-matrices such 
that its restriction to the {n — A;)-dimensional sphere goes into the Stiefel 
manifold. With a we associate the mapping a: x —> M"' as 

a{/3, x) = (3iai{x) + ... + (3kak{x) where (3 = , (3k) G S^~^. 
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Using a we construct a homotopy invariant A of a\S^~^ in the following 
way. If a“^(0) is an infinite set then we can slightly perturb the map a to get 
hnite number of zeros of a, and then 

deg(^_^) a mod 2, 

(I3,x) 

where {/3,x) runs through half of the zeros of a, i.e. we choose only one from 
each pair Ga“^(0). 

It turns out that A dehnes an isomorphism between 7r„_fcI4(M"') and Z 2 
iTlieorem I2.9p . 

The case where n — k is even was investigated in |8]. The authors con¬ 
structed an isomorphism between 7r„_fcI4(M"') and Z as one-half the topolog¬ 
ical degree of a. In the case where n — k is odd this degree equals 0 and the 
method from [8] cannot be used. 

Using the invariant A and tools from [Sli, for a polynomial mapping a 
one can represent the class of a\S"‘~^ in 7r„_fcI4(M"’) in terms of signatures of 
some quadratic forms or signs of determinants of their matrices. This provide 
an effective way to compute this invariant (see the algorithm and examples in 
Section 0]). 

Moreover we present a nice characterisation of a mapping a: —> 

being transversal to Mk{W) \I4(M"). We show that it happens if and 
only if zero is a regular value of a fTheorem 12.4|) . This result leads to another 
application of A. 

A mapping / from an m-dimensional manifold M into has a cross¬ 

cap at p G M if and only if locally near p it has the form (xi,... ,Xm) •—t 
{x1, X 2 ,..., Xmi X 1 X 2 ,..., XiXm) (see [21 Theorem 4.6], [131 Lemma 2]). 

In [131, ^ even, Whitney proved that if M is closed and / has only 

cross-caps as singularities then the number of cross-caps is even. If M has a 
boundary then following [T31 Theorem 4], for a homotopy ft: M —)• 
regular in some open neighbourhood of dM, if the only singular points of /o 
and /i are cross-caps then the numbers of cross-caps of /o and /i are congruent 
mod 2. In the case where m is odd, one can associate signs with cross-caps, 
and to get similar results we have to count the sum of signs of cross-caps (see 
[T3]). This case was investigated in [7|. 

We show (Corollary 133]) that if m is even, /: R™ —> is smooth, and 

for some r > 0 there is no singular point of / belonging to the sphere 
then the number of cross-caps in B^{r) of / mod 2 can be expressed as A (a), 
where a is some mapping associated with /. In the polynomial case one can 
calculate the number of cross-caps of / mod 2 using algebraic methods. 
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2 Mappings into the Stiefel manifold 14(M’^) for 
n — k odd 

By B^{p,r) we will denote the n-dimensional open ball centered at p, with 
radius r, by B {p, r) — its closure, and by S'^~^{p, r) — the (n—l)-diniensional 
sphere. When we omit p that means that the center is at the origin, if r is 
omitted then r = 1. 

If M is a smooth oriented n-manifold, p G M, and /: M —)■ M” is such 
that p is isolated in /“^(O), then there exists a compact n-manifold N <Z M 
with boundary such that /“^(O) fl iV = {p} and /“^(O) fl dN = 0. Then by 
degp / we will denote the local topological degree of / at p, i.e. the topological 
degree of the mapping dN 3 x /(x)/|/(x)| G S^~^. 

li g: M —> M” is close enough to /, then p~^(0) fl dN is also empty, and 
the topological degree of the mapping dN 3 x ^ g{x)/\g{x)\ G S"'~^ is equal 
todegp/. 

Let n — /c > 0 be an odd number and k > 1. Let us denote by 14(M"') the 
Stiefel manifold, i.e. the set of all /c-frames in M”. It is known (see ID), that 
Trn-kVkiMJ^) ^ ^2. 

We write for the set of all /c-tuples of vectors in M"' (i.e. the set of 

(n X fc)-matrices). We can consider 14(1^"') as a subset of Mfc(M"'). 

Let a = («!,..., Offc) : S"'~^ —> I4(®"') be smooth. Let us assume that 
there exists a smooth mapping a = {ai,, Uk ): B —> (there 

ai{x) G M”) such that the restriction is equal to a. 

We can dehne the mapping a: 4^“^ x —)■ M"' as 


a{/3, x) = (3iai{x) + ... + /3kak{x), 

where 4 = {(3i,. .., (3k) G 4^“^ and x = {xi,. .. ,Xn-k+i) G ^ Then 

a“^(0) C X and a{(3,x) = —a{—(3,x). 

Let us assume that a“^(0) is hnite. Then we can dehne 

A(«) = a mod 2, 

where {(3,x) G a“^(0) and we choose only one from each pair {(3,x), {—/3,x) G 
a“^(0) {{(3,x) runs through half of the zeros of a). 

Lemma 2.1. A is well defined, i.e. it does not depend on the choice of the 
mapping a such that = a and a“^(0) is finite. 

This will be a simple consequence of Theorem 12.31 which is stated below. 
Using properties of the topological degree and the fact that a{/3,x) = 
—a{—(3,x) it is easy to show the following. 


3 





Krzyzanowska, Nowel 


Mappings into the Stiefel manifold 


Lemma 2.2. Let mappings a,b\ B —)■ Mk(EL) be smooth such that 

a\S'^~^ ^b\S^~^ 5’"'-^ —). V'fc(M"') anda~^{t)), 6“^(0) are finite. If a andb are 
close enough to each other, then 

A(a|^’^-^) = A(6|5’*-^) mod 2. 

Put Sfc = Sfc(M"') = Mfc(R"^) \ Vfc(M"). The set is algebraic and closed. 
There exists a natural stratihcation (Sfc)i=i,...,fc of where is a set of 
[n X fc)-matrices of rank k — i. According to [2[ Proposition II.5.3] is a 

smooth submanifold of of codimension [n — k + i)i. By |2l Theorem 

II.4.9, Corollary II.4.12] in the set of smooth mappings B —y Mk{ML) 
the subset of mappings transversal to E^ (i.e. transversal to all E^) is dense. 

Since codimE^ = n — k + 1, for a: B —y Mfc(R"') transversal to E^ 
(a rfi Efc for short), we obtain that a“^(Efc) = a“^(E^) is a hnite set (see [2], 
Proposition II.4.2, Theorem II.4.4]), moreover a“^(0) is also hnite. 

Note that if a: B^ —y Mfc(R") is such that C 14(R"'), then 

according to [21 Corollary II.4.12] we can hnd a smooth mapping transversal 
to Efc which is arbitrarily close to a and its restriction to equals a|S'"'“^. 

In Section [3] we shall prove the following facts: 

Theorem 2.3. Let n — k be odd, k > 1. Let a,fi\ S"‘~^ —y 14(R"^) be smooth 
mappings and assume that there exist smooth a,b: B —)■ Mfc(R”) such 
that = a, = {3, anda,b have a finite number of zeros. If a and 

fi are homotopic (i.e. [a] = [fi] in nn-kVki^^)), then 

A(a) = A(/3). 

Theorem 2.4. Let a: B^ —y Mfc(R”) be smooth and such that a(S'”“^) C 

14 Then the mapping a is transversal to E^ if and only if the origin is a 
regular value of a. If this is the case and n — k is odd, k > 1, then 

A(a|5”-^) = ffa-\Ek) mod 2. 

Remark 2.5. It is worth to underline that the above equivalence is true for 
arbitrary n — k > 0. 

Up to now we have dehned A(a) for smooth a: S"'~^ —y 14(R”) with 
smooth a: B —)■ Mfc(R") such that a = having useful properties 

stated above. 

By the Tietze Extension Theorem for any continuous mapping a: S"‘~^ —y 
1/(R"^) there exists a continuous mapping /: B —y Mk{ML) such that 

] 3 y Lemma 1.5] / is homotopic to some smooth mapping 
from B to Mfc(R"'), and so it is homotopic to a smooth a: B —y 
Mfc(R'^) such that C 14(R”) and a“^(0) is hnite (such an a can be 

chosen from the set of mappings transversal to E^). 
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Thus we can extend our definition of A to continuous mapping a: S"' ^ —> 
i 4 (M") in the following way: 

® 2 , 

i/3,x) 

where {/3,x) G we choose only one from each pair {/3,x), {—(3,x) G 

A-HO). 

As a consequence of Theorem 12.31 in a natural way we obtain: 

Theorem 2.6. Let a,/3: —> 14(M"') be continuous. If a and {I are 

homotopic (i.e. [a] = [(3] in 7 r„_fcl 4 (M"')y), then 

A(a) = A(/3). 

Example 2.7. Let Ui,..., Ufc be an orthonormal system of vectors in M”. For 
a: 'W —)■ given by a{x) = (ui,... ,nfc) we obtain a{B'^ C 

14 (M”). It is obvious that 

(i) = 0 , hence a rfi 

(ii) a“^( 0 ) = 0 . 

Each of the two above facts implies A(a|S'”“^) = 0. 

Example 2.8. Let us define a mapping a = (oi,..., a^) : B —> 

by ai{x) = ( 0 ,..., 1 , 0 ,..., 0 ) where 1 is on the i-th place, for i = 1 ,..., A: — 1 , 
and ttk = (0,..., 0, a:i,..., Xn-k+i)- Then = {(0,..., 0)} and so a := 

a\s^-k, ^n-fc ^ We have 

a( 4 , x) = ( 4 i,..., Pk-i,/3kXi,(3kXn-k+i) e M” 

for 4 G S'^-\ X G 

Note that a“^(0) = {(0,..., 0, 1; 0,..., 0), (0,..., 0, —1; 0,..., 0)}. Thus 
A(a) = deg(o,...,o,i;o,...,o)« mod 2. 

It is easy to see that (0,..., 0, ±1; 0,..., 0) are regular points of a, so a rfi 
and deg(Q Q 0 ) a = ±1. Each of the two facts implies A(a;) = 1 mod 2. 

Using the above Examples and Theorems 12.31 and 12.41 one can easily show 
the following. 

Theorem 2.9. The mapping TTn-kVk{W^) 3 a A(q;) G Z 2 , where a: — 

14 (M") is such that [a] = a, is an isomorphism. 

It is obvious that in all the results of this Section, instead of B we 
can use ^ (r), for any r > 0 . 
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3 Proofs 


Lemma 3.1. Let a: B —> MkCML) be a smooth mapping such that 

C Vfc(M"). For any x G a“^(Sfc) there exists such a diffeomorphism 
$: t that <l)(a(a;)) has a form 


■ 0 


0 

0(n—fc+l) X (/c—1) 

0 

* 

. 0 

. 


moreover for r = 1,... ,k, and so a i+i at x if and only if 

($ o a) ftl Sfc at X. Here 0 denotes the appropriate zero matrix. 

We can always choose such a $ to be a composition of elementary row and 
columns operations. For this $ we have: 

Lemma 3.2. There exists a diffeomorphism \h: such that 


a{(3,x) = 0 <F(a)('h(/9),x) = 0, 


and if {(3,x) G a ^(0), then {(3,x) is a regular point of a if and only if{'^{(3),x) 
is a regular point o/<h(a). 


Proof. It is obvious that $ can be taken as a composition of simple column and 
row transformations. Hence it suffices to show the conclusion of the Lemma 
for any simple column or row transformation. 

Let us assume that <F is a simple column-multiplying transformation. For 
example let $ multiply the first column by c 7 ^ 0 , so that <h(a) = (coi, 02 ,..., Ok) 
Then we can define T; —)■ 5^“^ as 


Hence 


( 1 ) 




(7/^1, /^2, • • • , Pk ) 

(32,/3k)\\ 


<F(a)(T(/3),a:) 


\c\ 

7W+W^ 


a{(3, x) 


g{l3)a{l3,x). 


Let us observe that for G we have 7 ^ 0, of course 

g{l3) 7 ^ 0. So a(/d, x) = 0 if and only if <F(a)(\['(/d), x) = 0. 

Take (/d, x) G a“^(0). Then by ([I]) we have ^ ^ (T(/j),x) = g{P)-^ — {(3, x). 
Then (see [SI Section 5]) 


rank (i<F(a) (^(/d), x) = 
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( 2 ) 

= 1 +rank 


gW) 


/Si 


cai{x) 


9{/3)P2 

a2{x) 


9{P)Pk 0 

ak{x) g{l3)^^{l3,x) 


0 


9{P) 


da 

fc+l 


{/3,x) 


Since /9iai(a:) +... + (dk^hix) = 0 , an easy computation shows that the number 
([ 2 ]) is equal to 


1 + rank 


■ /Si 
ai{x) 




ak(x 


da 

dxi 


0 


{P,x) 


0 


da 


^^n—k+l 


{(3,x) 


= rank(ia(/9, x) 


Thus (/3, x) is a regular point of a if and only if (T(/9), x) is a regular point of 

$(a). 

If $ is any other simple column transformation the proof is similar. 

If $ is a simple row transformation, then there exists a diffeomorphism 
7 : M” —)■ such that 7 ( 0 ) = 0 and a(/3, x) = 7 o<f)(a)(/ 3 , x), so the conclusion 
in this case is also true. □ 


Proof of Theorem \2.4\ Let us note that if a rfi Sfc, 
a hnite set, and so a~^( 0 ) is hnite. 


then a = a is 


On the other hand if the origin is a regular value of a, then a“^(0) is hnite, 
so is also hnite and a“^(Sfc) = a“^(S^). 

Let us take x G a“^(S^). According to Lemma 13^ we can assume that 
a{x) has a form 


ai{x) = ( 0 ,..., 0 ) and ai{x) = ( 0 ,..., 0 , < ^ {x ),..., af{x)) 


for i = 2,... ,k (here is the element standing in the j^th row and i-th 
column). Then 

rank[a^(a;)] = k — 1, 

where j = n — /c + 2 ,...,n, i = 2,... ,k, and a(/5,x) = 0 if and only if 

^ = (± 1 , 0 ,..., 0 ). 

For a matrix F = [//j^xn we will denote by F the submatrix [//], where 
j = n — k + 2,... ,n, i = 2,... ,k. If F is close enough to a{x) in Mfc(R”') then 
det F 7 ^ 0. In this case it is easy to check that F G if and only if 

fi = ifi ■■■ ••• /iT 


for j = 1,..., n — A; + 1 (see [21 Lemma 11.5.2]). 

Hence the tangent space Ta(x)'^k spanned by vectors Vi = (0,..., 0,..., 1,..., 
where 1 stands at {i + n — k + l)-th place, i = 1,..., nk — {n — k + 1). 
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Let us observe that a iti at x if and only if rank (ia(x) is maximal (i.e. 
equals n — k + 1) and Ta(x)^i I”' = {0}. It is equivalent to the 

condition: 


(3) 


rank —- -{x) 

d{Xi,.. .,Xn-k+l) 


= n — k + 1. 


On the other hand {/3, x) is a regular point of a if and only if rank da(/3, x) = 
n. It is equivalent to (see [HI Section 5]) 




2A .. 

• Wk 

0 




0 




a}(x) .. 

■ alix) 







n + 1 = 

rank 






da 








d{xi,. 

. . , XYi — k-\-l 

^ \d 1 •^) 




af{x) .. 

■ aUx) 








■ ±2 

0 


0 


0 



0 




0 




d{a\,..., 

n-k+l\ 

> (x) 

= rank 






dixi,.. . 

^n—k-\-l ) 


0 a'f-^+'^x) 

... a- 


[x) 













* 



0 

a^{x) 







This holds 

if and 

only if (El: 

holds. 








□ 


Proof of Theorem \2.3[ According to [TTl Theorem 19.2] we can hnd a hnite 
rehnement {Q^) of the stratihcation (S].) fulhlling Whitney (a) condition. Then 

by [ini Theorem, p. 274], in the set of smooth mappings B —> 

the subset of mappings transversal to all is not only dense, but also open. 

The codimension of the biggest strata of (Q^) equals n — fc + 1, so if a is 
transversal to all then it is transversal to all S^. 

According to Lemma 12.21 we can assume that a and b are transversal to all 

QP 

Let h: x [0; 1] —)■ 14(®"') be the homotopy between a and /3. The 

mappings a, b and h dehne a continuous mapping from x [0; 1]) U 

X {0,1}j into MkCMP). By the Tietze Extension Theorem it can 

be extend to i? x [0; 1]. So close enough to this mapping we can hnd a 
smooth H■. B x [0; 1] —> Mk(MP) which is transversal to S*, (see lag). 

_^_fc-l-l \ 

B X [0; 1] j for i > 1, we have iL iti 

and = 0 for i > 1. 

The mapping H has the following properties: 


• /7(-,0), i7(-, 1) are close enough to a, b (resp.); 

• X [0;1]) is close enough to h, so that it goes into f4(®"') and 
X [0;1]) dlSfc. 
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Since the set of smooth mappings B —> Mfc(R”') transversal to all 

is open, H{-, 0), H{-, 1) are transversal to all Q^, and so to Sfc. 

We have H~^{T,k) = H~^(T,l) and by P Theorem, p. 60] it is a compact 1- 

dimensional manifold whose intersection with x [0;l])u^]^ x {0,1} 

is exactly its boundary. Because x [0; 1]) goes into 14(M”), we have 

dH-\Ek) = H-\Ek) n X {0,1}) = 

= {Hi; O)-^(Sfc) X {0}) U {Hi; l)-'(Efc) X {1}) . 

Since the boundary of a compact 1-dimensional manifold has an even number 
of points, 

0 = ffdH-\Ek) = ffiHi; 0))-i(Efc) + l))-'(Efc) mod 2. 

According to Theorem 12.41 and Lemma 12.21 we have 

A(a) + A(/?) = ffiHi; 0))-'(E,) + l))-'(Efc) = 0 mod 2, 

hence 

A(a) = A(/3) mod 2. 

□ 


4 Counting A for polynomial mappings into 
the Stiefel manifold 

In [8] the authors defined an isomorphism from 7r„_fcl4(M"') to Z for n — k 
even. They also presented a method to calculate values of this isomorphism 
for polynomial mappings. It is easy to observe that some of methods presented 
in [SI Section 3] can be used to obtain an effective way of computing A in the 
polynomial case for n — k odd. 

Let a = (oi,..., Ofc) : —y Mfc(R’^) be a polynomial mapping, n — k 

odd, k > 1. Denote by [a}(a;)] the (n x fc)-matrix given by aix) (here a} is 
the element standing in the j-th row and z-th column). Then 

ai/3, x) = (fiaiix) + ... + (fkakix) = [a} ix)] 

By / we will denote the ideal in R[a:i,... ^Xn-k+i] generated by all A; x fc 
minors of [aiix)~\. Let ld(/) = {x E R"“^+^ | hix) = 0 for all h E /}. 

As in [SI Lemma 3.1] we conclude that p E 14(1) if and only if ai(p),..., akip) 
are linearly dependent, i.e. if a(/5,p) = 0 for some (3. 


A 

A 


: X R^-^+^ 
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Put 


m{x) = det 


al{x) 


al(x) 




X) 


.k-l. 


X) 


and A = ... ,Xn-k+i\/I- Let us assume that dim^ < oo, so that V{I) is 

hnite. 

Assume that rank [ 0 ^( 0 ;)] ^ /c — 1 for x in Then one can choose 

such coordinates in that m ^ 0 in V{I). So a~^(0) is finite and if 

a{/3,x) = 0 then (di 7 ^ 0. 

Let us define 


F(A,x) = (Fi,.. .,Fn){\,x) = [aij{x)] 


1 

A 2 

Aa* 


; R^-i X ^ R" 


where A = (A 2 ,. .., Xk)- 

Take {/3,x) G a“^(0), /3i > 0, and A = {[^ 2 /^ 1 , ■ ■ ■ ,/dfc//di)- According to [HI 
Lemma 3.5], (A, a:) is an isolated zero of F, moreover deg(^ ,j,)a = deg^;^ F. 
So we get: 

Proposition 4.1. If a = a|S'"'“^(r): —> 14(R"') then 

^®g(A,x) F mod 2 , 

(X,x) 

where x G and (A,x) G F“^(0). 

For h E A we will denote by T{h) the trace of the linear endomorphism 


A 3 a I —h • a E A. 


Let © 5 : A — i R be a quadratic form given by ©5(0) = T{5 ■ a?). 

Taking a polynomial map 5 : R" —t R as in [HI Section 3] and using [HI 
Lemma 3.4], and the same arguments as in the proof of [HI Theorem 3.3, 
Lemma 3.9], one can show the following. 

Proposition 4.2. Let n — k he odd, k > 1, r > 0, oj{x) = r‘^ — x‘1 — .. . — 

If a = {ai,... ,ak) ■ —> Mfc(R") is a polynomial mapping such that 

dimAl < 00 , / + (m) = R[a:i,..., a:„_fc+i], and quadratic forms Qs, ©ij -<5 : 
xl-^R are non-degenerate, then 

a = a\S'^-\r): S'^-^r) 14 (K''), 

and ^ 

A(a) = -(signature ©^ + signature ©^j.^) mod 2. 
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By P Lemma 2.2, Theorem 2.3] we obtain two facts: 

Corollary 4.3. Under the above assumptions 

A(a) = dimAl+ 1 + -(sgndet[ 05 ] + sgndet[0tj.5]) mod 2. 

Corollary 4.4. Let ip: A —> M. be a linear functional, $ and T be the bilinear 
symmetric forms on A given by ^{f,g) = p{fg) and '^{f,g) = pipjfg). If 
det[\['] 7 ^ 0 , then det[4>] 7 ^ 0 and 

A(q;) = dimAl+ 1 + -(sgndet[<h] + sgn det[\[']) mod 2. 

2 

Example 4.5. Let a,b: B — > M 2 (M^) be given by 


a{x,y) = 1 

( 

5x‘^y + 2y‘^ + 3a; + 2 
5xy‘^ + 2x‘^ + 5a; + 3 
2a;^ + Axy + 2y + 1 


5x'^y + + 3a; + 3 

y^ + 2xy + 3y + 2 
4a;^ + x"^ + 3y + 5 


b{x,y) = 


+ 3a;^ + p + 5 
bxy"^ + 5y^ + y + 5 
3x‘^y + 3a;^ + a; + 2 


y^ + ixy + y + 1 
y^ + x‘^ + Ay + 5 
5y^ + 5xy + 5y + 2 

) 


Using Singular jT] and the above facts one may check that: alS*^, 015^(2), 
015^(10), b\S^, b\S^{^/7/2), 6|S'^(10) go into V 2 (M^), and a, b have a hnite 
number of zeros. 

Moreover, for a the dimension of the algebra A equals 23, for b it equals 

21 . 

For the mapping a we get 

A(a|^^(l)) = A(a|^^(2)) = 1 mod 2, 

but 

A(a|S'^(10)) = 0 mod 2, 

and for b 

A(6|5^(l)) = A(6|^^(10)) = 0 mod 2, 

but _ 

A (^b\S^ ^-^77/2^^ = 1 mod 2. 

5 The number of cross—caps 

Let M be a smooth m-dimensional manifold. According to pinids], a point 
p G M is a cross-cap of a smooth mapping / : M —> if there is a 

coordinate system near p, such that in some neighbourhood of p the mapping 
/ has the form 

{Xi,..., Xm) H- {xl, X 2 ,..., Xm, X1X2, . . . , XiXm)- 
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Take / : M —)■ with only cross-caps as singularities. For m even, 

by [131 Theorem 3], if M is a closed manifold, then / has an even number of 
cross-caps. 

Let (M, dM) be m-dimensional smooth compact manifold with boundary. 
Take a continuous mapping /: [0; 1] x M — t such that there exists a 

neighbourhood of dM in which all the ffs are regular, and /o, /i have only 
cross-caps as singularities. According to [131 Theorem 4], if m is even, then 
/o and fi have the same number of cross-caps mod 2. 

Let /: be smooth. Using an equivalent dehnition [21 Deh- 

nition VIL4.5] of a cross-cap and the fact that the space of 1-jets of mappings 
from to coincides with x x it is easy to see 

that: 

Remark 5.1. The point p G is a cross-cap of / if and only if rauk df{p) = 
m — 1 and df ftl at p (where we consider df as a map going to 

Let us assume that for some r > 0 there is no singular points of / belonging 
to Then (d/)|5™'“^(r): —)■ By Theorem 12.41 we 

obtain the following facts. 

Remark 5.2. The mapping f\B^ (r) has only cross-caps as singular points if 
and only if the origin is a regular value of df: 5"*“^ x R™ (r) —> 

If m is even, then the difference 2m—1—m = m—1 is odd and A{{df)\S'^~^{r)) 
is dehned. 

Corollary 5.3. If m is even and f has only cross-caps as singular points, 
then 


A((d/)|S'™' ^(r)) = number of cross-caps of f in ^^{r) mod 2. 

Corollary 5.4. Ifm is even then the number of cross-caps in (r) of every 
smooth mapping g: M"* —> close enough to f with only cross-caps as 

singular points is congruent to A{{df)\S'^~^{r)) mod 2. 

Using computer system Singular [T] we apply the facts from Sections [2] 
and HI to present some examples illustrating the above Corollaries. 

Example 5.5. Let /: —)■ be given by 

f{x, y) = {15xy^ + 19y^ + 9a;^ + 6y, 25y^ + 15x^, 7y^ + 21xy). 

One can check that / has only cross-caps as singular points, in fact there are 3 

_ 2 _ 2 

of them, and the number of cross-caps of / in R (1) and in B (10) is congruent 
_ 2 

to 1, but in B (5) is congruent to 0 modulo 2 1 Corollary 15.31) . 
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Example 5.6. Let /: be given by 

f{x, y) = {2xy^ + 7x‘^y, 6xy^ + 29x'^y + 20y‘^ + 26y^ + 27x‘^ + 9a;, 

21x‘^y^ + 7x‘^y^ + llxy^ + 20xy‘^ + lOxy + 8y). 

One can check that / has only cross-caps as singnlar points, in fact there are 

_ 2 

14 of them, and the nnmber of cross-caps of / in i? (1) is congruent to 1, but 
_ 2 _ 2 

in B (1/10) and in B (10) is congruent to 0 modulo 2 fCorollary I5.3|) . 
Example 5.7. Let /: R^ —)■ R^ be given by 

f{x,y) = {21x'^y‘^ + 13xy‘^ + 7y'^ + 27y,16xy‘^ + 7y'^ + 19x^,7xy'^ + 6x^y + 21x‘^y). 

In this case / has some singular points that are not cross-caps. One can check 

that / has no singular points on the sphere *S'^(1) and every smooth mapping 

close enough to / with only cross-caps as singular points has an odd number 
_ 2 

of cross-caps in i? (1) f Corollary 15.41) . 
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